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"Twere certainly to be wish’d, that some expedient were fallen
upon to reconcile philosophy and common sense, which with
regard to the question of infinite divisibility have wag’d most
cruel wars with each other.

— David Hume, 4 Treatise of Human Nature (‘Abstract’)
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PREFACE

The problem of infinity is of central but often unappreciated
importance in Hume’s philosophy. Although the question of
whether extension is infinitely or only finitely divisible raises
some of the most challenging philosophical paradoxes for
Hume’s empiricism, there have been few detailed and no fully
comprehensive systematic discussions of Hume’s objections to
infinity. In this book, I offer a detailed exposition and critical
evaluation of Hume’s refutation of infinite divisibility, placing
Hume’s arguments in the historical context of Enlightenment
philosophy of mathematics and metaphysics of space and time,
and assessing the prospects of his strict finitism in light of
contemporary mathematics, science, and philosophy.

Hume’s timeless relevance is partly a result of his preoccu-
pation with universal philosophical themes. He is particularly
concerned with the limitations of relying on sense experience
for knowledge. He acknowledges the conflict between what can
be known from experience and the deeply entrenched ‘ratio-
nalistic’ beliefs and conceptual commitments for which there is
no adequate perceptual basis. The collision of experience and
wayward philosophical enthusiasms is nowhere more poignant
for Hume than in the case of infinite divisibility. Here philos-
ophy confronts a concept that seems to be indispensable for
the exact sciences, but which in obvious ways also appears to
be humanly incomprehensible. Hume attacks the question from
both directions. He lays siege to the concept of infinity on many
fronts with many different arguments, and he outlines an expe-
rientially defensible theory of sensible extensionless indivisibles
as an alternative empiricist theory for the finite divisibility of



X1V PREFACE

space and time. He argues that we do not and cannot have an
adequate idea of infinity or infinite divisibility in the first place,
and that we can get along perfectly well without it, thereby
avoiding the methodological confusions that the concept en-
tails.

Hume is fascinating for reasons of style as well as sub-
stance. He is one of the few technically rigorous philosophers
whose personality, despite the intervention of several centuries,
emerges as a living presence from the printed page. One feels
an immediate empathy with Hume’s honest doubts as he strug-
gles in his philosophical writings to strike a measured balance
between natural reason and skeptical philosophical inquiry.
Hume’s investigations of the origin of ideas and the limits of
knowledge evoke the leisured atmosphere of eighteenth-century
letters, of sherry and walking sticks and animated conversations
around the fireplace. Beyond this, Hume is subtle in thought,
occasionally confusing in exposition, and hence a challenge to
interpret correctly. Yet every paragraph promises the resolution
of longstanding conceptual difficulties in a system of epistemol-
ogy and moral theory founded on a recognition of the scope of
human experience, and a firm commitment to keeping philos-
ophy within its bounds.

The plan of these chapters is to provide a critical discussion
of Hume’s arguments against infinite divisibility and in support
of the concept of sensible extensionless indivisibles. The account
of Hume’s critique of infinity fits these diverse proofs together
into a coherent picture of Hume’s metaphysics of extension
in space and time, explaining their interrelationships and
assessing their philosophical importance. For these purposes,
it has proven useful to give reconstructions of each of Hume’s
arguments by identifying assumptions and conclusions in the
style of an informal deductive inference. Such reconstructions
have the advantage of exhibiting the implicit structure and
propositional content of plausible interpretations of an author’s
thought in a perspicuous way that facilitates its philosophical
evaluation.
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The sense of ‘reconstruction’ in these restatements of Hume’s
arguments is not that in which an expert repairs or restores a
damaged building or artwork. Hume’s arguments are some-
times hard to understand, but they are generally complete and
intact. Nor is this the paleontologist’s detective work, who,
from a single fossil rib or fin bone can reconstruct for the
astonished layman an entire ichthyosaurus. The informal re-
constructions of Hume’s arguments about infinite divisibility
and the theory of sensible extensionless indivisibles try instead
to reassemble the elements of Hume’s proofs into more easily
discernible structures, to interpolate implicit assumptions and
conclusions, and to sharpen their outlines and make them more
readily understandable from a contemporary perspective. The
Procrustean bed of misinterpretation to be avoided in the his-
tory of philosophy is not the sequential formatting of recon-
structed inferences, but the naive imposition of anachronistic
concepts, categories, and terminologies on classical writings,
warping original meanings by violently prying ideas out of cul-
tural chronological context, and transposing them into mis-
leading conceptual frameworks. There may be philosophical
texts that do not lend themselves to reconstruction as argument
chains. But that is no reason to avoid the method in explaining
the thoughts of philosophers like Hume who explicitly claim to
be offering proofs for their conclusions that must accordingly
stand the test of adequacy as sound arguments.

The Introduction on the “Two-Fold Task of Hume’s Cri-
tique’ gives an overview with historical background of Hume’s
refutation of infinite divisibility and theory of sensible exten-
sionless indivisibles. Part One, ‘The Inkspot Experiment’, and
Part Two, ‘Refutations of Infinite Divisibility’, offer a detailed
study of Hume’s most extensive treatment of infinite divisibility
and analysis of spatial extension and geometrical magnitude in
the Treatise and the Enquiry Concerning Human Understanding. An
evaluation of the implications of Hume’s project for present day
mathematics, science, and philosophy is presented in the Con-
clusion, ‘Hume Against the Mathematicians’. The Afterword,
‘Hume’s Aesthetic Psychology of Distance, Greatness, and the
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Sublime’, considers Hume’s strict finitism in application to pre-
dominantly infinitary eighteenth-century preoccupations with
the aesthetic experience of the sublime, paying special attention
to the problem as it reflects on Hume’s theory of the relation
between reason and the passions.

I hope that this investigation will contribute to renewed in-
terest in Hume’s arguments against infinity. Hume’s empiricism
and the implications of his humanized doctrine of natural belief
for the concept of extension in my opinion deserve more serious
consideration than they have so far received. Hume’s critique of
infinite divisibility is not only historically interesting, although
it is certainly that, but represents a profound and carefully con-
sidered defiance of mainstream infinitism in pure and applied
mathematics, in our day as in his. The purpose of this study
of Hume’s objections to infinite divisibility will be satisfied if
it stimulates interest in the philosophical problems concerning
the nature of extension that induced Hume to reject the very
idea of infinity, and to advance in its place an uncompromising
strict finitism in mathematics and metaphysics.

Dale Jacquette
Bergen, Norway
16 August 2000
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INTRODUCTION

TWO-FOLD TASK OF HUME’S CRITIQUE

Our system concerning space and time consists of two parts,
which are intimately connected together... The capacity of
the mind is not infinite; consequently no idea of extension or
duration consists of an infinite number of parts or inferior ideas,
but of a finite number, and these simple and indivisible. .. The
other part of our system is a consequence of this. The parts,
into which the ideas of space and time resolve themselves,
become at last indivisible; and these indivisible parts, being
nothing in themselves, are inconceivable when not fill’d with
something real and existent.

— Hume, Treatise, Book 1, Part II, Section IV






INTRODUCTION

TWO-FOLD TASK OF HUME’S CRITIQUE

Hume’s Strict Fimitism

The concept of infinity is a cornerstone of classical mathemat-
ics. It is shielded from the objection that it transcends imagi-
nation and entails intuitive paradoxes by mathematics’ reputa-
tion as a paradigm of impeccably exact reasoning in the ser-
vice of absolutely certain knowledge. The theoretical grandeur
and pragmatic success of infinitary mathematics in arithmetic,
geometry, and the calculus, with its impressive applications in
physics and engineering, further testify not only to the utility
but the intelligibility and reality of infinite quantity, magnitude,
and relation. To question infinity or the possibility of infinite
divisibility is to declare oneself mathematically inept, lacking in
essential insight for the higher reaches of the formal sciences.
All this is challenged by David Hume’s revolutionary pro-
gram to reconstitute philosophy by ‘the experimental method
of reasoning’ in fashioning a new theory of human nature. In
the ‘Introduction’ to A Treatise of Human Nature, Hume places
the methodology of his humanized empiricism in judgment
even over the most respected findings of mathematics, natural
philosophy (science), and natural religion (theology considered
independently of revelation or faith). From the outset, Hume
holds out the two-fold task of criticizing the received presuppo-
sitions and implications of these disciplines, and the potential
for advancing their development in revisionary ways. The fact
that infinite divisibility is endorsed by the authority of mathe-
matics and may be indispensable to mathematical theory and
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practice by itself is not decisive for Hume in evaluating its
philosophical legitimacy. Hume writes:

"Tis evident, that all the sciences have a relation, greater or
less, to human nature; and that however wide any of them may
seem to run from it, they still return back by one passage or
another. Even Mathematics, Natural Philosophy, and Natural Religion,
are in some measure dependent on the science of Man; since
they lie under the cognizance of men, and are judged of by
their powers and faculties. *Tis impossible to tell what changes
and improvements we might make in these sciences were we
thoroughly acquainted with the extent and force of human
understanding, and cou’d explain the nature of the ideas we
employ, and of the operations we perform in our reasonings.!

This statement of Hume’s project offers a revealing contrast
with Descartes’s rethinking of the foundations of knowledge
in the Meditations on First Philosophy. Descartes reports that
the inspiration for his philosophy was the desire to make all
knowledge as secure as that found in arithmetic and geometry.?
Hume by comparison has no such predisposition toward the
sanctity of classical mathematics.?

Descartes, in applying methodological doubt to raze an in-
herited edifice of knowledge, refuses to admit any belief, no
matter how extensively accepted in received philosophy or
commonsense opinion, unless it stands scrutiny against the ma-
lignant demon hypothesis as the strongest sanely imaginable

' Hume, Treatise, ‘Introduction’, p. xv.

2 Descartes, Discourse, Works, Vol. I, p. 85: “Most of all was I delighted
with Mathematics because of the certainty of its demonstrations and the
evidence of its reasoning; but I did not yet understand its true use, and,
believing that it was of service only in the mechanical arts, I was astronished
that, seeing how firm and solid was its basis, no loftier edifice had been
reared thereupon.”

3 Treatise, pp. 166, 198. Hume maintains that mathematical necessity
depends on acts of human understanding, and that as a result mathematical
proofs like judgments of fact, especially if they are long or detailed, are
at most only probably true. See Atkinson, “Hume on Mathematics”, for
an account of Hume’s concept of the qualifiedly ‘synthetic’ necessity of
mathematical truths.
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basis for skepticism. Thus, Descartes sets aside as dubitable
the testimony of the senses, the Scholastic tradition of Aris-
totelian metaphysics and science, and generally all propositions
less certain than his own existence, regardless of their popular-
ity or usefulness. Hume stands Descartes’s method on its head,
adopting an experiential criterion of acceptability in place of
pure reason or the ‘light of nature’ (lumen naturale), while pre-
serving Descartes’s radical spirit of discarding any disqualify-
ing beliefs or ideas.* Far from agreeing with Descartes that
all knowledge should finally be made as certain as classical
mathematics, Hume maintains that mathematics too provides
knowledge only to the extent that its concepts first pass muster
according to the principles of a properly humanized empirical
epistemology and theory of mind.’

*1t is instructive to compare Hume’s objections to the possibility of
having clear and distinct ideas of infinity or infinite divisibility with his
challenge to Descartes’s cogito discovery of the better knowability of the ego
or self. In a famous passage of the Treatise, Hume writes: “For my part,
when I enter most intimately into what I call myself, I always stumble on
some particular perception or other, of heat or cold, light or shade, love
or hatred, pain or pleasure. I never can catch myself at any time without a
perception, and never can observe any thing but the perception.” Hume in
both cases claims to have tried Descartes’s method, but concludes that upon
careful inspection he is unable phenomenologically to locate certain ideas
cherished by rationalist metaphysics. In Meditation I, Descartes questions
even the reliability of his previous beliefs in mathematical truths; but this
does not seem to vitiate mathematics as a paradigm for the completion
of his epistemic program after his emergence from the skeptical attitude
upon establishing rationalist foundations for knowledge. In his August 26-
31, 1737 letter to Michael Ramsay, Hume specifically mentions among
other sources Descartes’s Meditations as essential background reading to
understanding the Treatise. The letter appears in Popkin, “So, Hume Did
Read Berkeley”, pp. 774-775. The letter was first published by Kozanecki
in “Dawida Hume’a Nieznane Listy w Zbiorach Muzeum Czartoryskich
(Polska)”, pp. 133-134.

5 The distinction between rationalism and empiricism is oversimplified,
especially when rationalism is arbitrarily confined to the seventeenth
century, and empiricism to the eighteenth, or when it is supposed that any
particular thinker representing one of these movements, Descartes, Leibniz,
or Spinoza, or Locke, Berkeley, or Hume, is respectively a pure rationalist



6 INTRODUCTION

When Hume looks into the ideas of infinity and infinite
divisibility, he finds them inadequate, excluded by the standards
of what the mind can know according to the principles of
human nature. Hume discovers two categories of objections
to infinitary mathematics as in effect he applies Protagoras’s
dictum to make man (humankind) the measure of all things to
the received propositions of mathematics, science, metaphysics
and religion.

First, Hume precisely defines the contents of thought.
Thinking involves perceptions, consisting only of impressions of
sensation and reflection, and ideas as faded faint impressions,
all of ultimately experiential origin. Hume argues that human
beings as finite creatures with finitely limited minds are
incapable of entertaining adequate ideas of the infinite. Infinity
and infinite divisibility are necessarily beyond the limits of
human perception. For Hume, this means that no definite

or pure empiricist, whatever these concepts are taken to signify. There is
no pure rationalism that does not recognize experience as contributing to
knowledge among the so-called rationalist systems, and there is no pure
empiricism in the historical canon that tries to do entirely without reason.
What makes a philosophy rationalist or empiricist in the proper sense of
the word, as with due caution I shall continue to use these terms under
this definition, is rather a matter of emphasis and of the predominance of
reason over experience or the reverse. Descartes is a radical though not a
pure rationalist in this sense because he officially suspends acceptance of
the world of experience until he establishes foundations in reason for the
veridicality of perception in the proof that God exists and is no deceiver.
Berkeley and Hume are radical though again not pure empiricists in the
opposite sense because they are skeptical about the ability of reason to
decide substantive metaphysical questions, and, while not rejecting let alone
refusing to exercise reason, understand experience as more important than
mere logical inference and armchair definition and analysis of meaning in
their theoretical-methodological prioritization of epistemic principles. With
these kinds of qualifications, I see no good objection to reinterpreting
rather than simply abandoning the rationalism-empiricism terminology,
nor, within the limits of legitimate usefulness of the concept, the study
of the complementarity and dynamic dialectical opposition and interplay
between impure rationalism and impure empiricism in the history of
modern philosophy.
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impressions or ideas can positively correspond to the use of
words or mathematical symbols for such concepts. Hume’s
conclusions are not as straightforward as they might first
appear, since from the fact that finite minds cannot fully
contain or encompass infinite ideas, ideas of infinite magnitude
or infinitely fine structure, it does not obviously follow that
finite minds cannot contain ideas of or about the infinite.> The
objection requires more careful argument, invoking Hume’s
distinction between impressions and ideas, and his generic
natural history of their empirical ancestry in sensation. It is
significant that, having articulated a humanized epistemology
and theory of mind, Hume proceeds immediately in Part II to
apply its principles concerning the finite experiential origin of
all perceptions to the metaphysics of space and time. Hume’s
argument in the Treatise Book I, Part II, ‘Of the ideas of space
and time’, systematically demolishes the classical mathematical
concept of the infinite divisibility of extension. Then, more
devastatingly, Hume maintains in even stronger terms by a
series of reductio refutations that no mind could possibly have
an adequate idea of infinity or infinite divisibility, because any
such idea would be self-contradictory.

This is the negative part of Hume’s two-fold critique of in-
finity. Like Descartes, again, however, Hume’s purpose is not
purely destructive. He engages in skepticism not for its own
sake, but as a preliminary to offering a more acceptable al-
ternative. Amid the ruins of the ideas of infinity and infinite

8 Locke, Essay, pp. 213-214: “... we are carefully to distinguish between
the Idea of the Infinity of Space, and the Idea of a Space infinite: The first is
nothing but a supposed endless Progression of the Mind, over what repeated
Ideas of space it pleases; but to have actually in the Mind the /dea of a Space
infinite, is to suppose the Mind already passed over, and actually to have
a view of all those repeated Ideas of Space, which an endless repetition can
never totally represent to it, which carries in it a plain contradiction.” Locke,
as will be seen, allows only a negative idea of infinity or infinite divisibility.
Hume’s critique, in its rejection of negative ideas, can be understood in
part as disallowing even this possibility in Locke, conflating the distinction
between having an idea of or about infinity and having an idea that itself
exhibits infinite extent or divisibility.
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divisibility, Hume offers to rebuild something more secure in
their place. The positive part of Hume’s critique substitutes a
humanized empiricist theory of the finite divisibility of exten-
sion into sensible extensionless indivisibles or extensionless min-
ima sensibilhia as the atomic constituents of physical space. These
spatial points are supposed to have color and tactile properties,
but are so tiny that although they are experienced in sensation
and imagination they cannot be further divided without alto-
gether vanishing. Hume, in opposition to the classical abstract
rationalist conception of geometrical magnitude as infinitely di-
visible, thinks of space and spatial extension as a finite mosaic
of finitely many juxtaposed sensible extensionless indivisibles,
into which extension as a result is only finitely divisible.

Thus, Hume’s critique of infinity attempts to satisfy a two-
fold, negative and positive, purpose. In the negative part, Hume
refutes the concepts of infinity and infinite divisibility in two
ways. He argues that there can be no adequate idea of infinite
divisibility according to his empiricist epistemology and theory
of mind, and challenges as logically inconsistent such concepts
of infinite divisibility as are found in classical mathematics and
rationalist metaphysics. More positively, Hume then proceeds
to replace the inadequate idea of infinitely divisible spatial
extension with a nonclassical theory of sensible extensionless
indivisibles as atomic constituents of finitely divisible extension
in space.

Dualectical Structure of Hume’s Critique

In the Treatise, Book 1, Part II, Section IV, ‘Objections answer'd’,
Hume divides his project into two negative and positive parts:

Our system concerning space and time consists of two parts,
which are intimately connected together... The capacity of
the mind is not infinite; consequently no idea of extension or
duration consists of an infinite number of parts or inferior ideas,
but of a finite number, and these simple and indivisible. .. The
other part of our system is a consequence of this. The parts, into
which the ideas of space and time resolve themselves, become
at last indivisible; and these indivisible parts, being nothing in
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themselves, are inconceivable when not fill’'d with something
real and existent.’

The exposition of Hume’s critique of infinity in the following
chapters is guided by Hume’s description of his two-fold
dialectical task. The refutation of infinite divisibility, as the
negative part, and the theory of space as a dense distribution
of sensible extensionless indivisibles, as the positive part,
jointly constitute Hume’s empiricist theory of space. The two
complementary objectives of Hume’s theory, together with
an appreciation of the alternating refrains of skepticism and
naturalism that pervade his philosophy, offer a framework in
which Hume’s critique of infinity can be understood.

Hume’s Treatise contains six proofs against the infinite divisi-
bility of extension. The centerpiece is an argument that satisfies
both parts of Hume’s two-fold task by simultaneously refuting
infinite divisibility and justifying the finite division of space into
sensible extensionless indivisibles. The proof, which I shall call
the inkspot argument, is based on Hume’s famous description
of a visual experiment involving the perception of a distant
inkspot. The inkspot argument is distinctively Humean, in that
it relies on the humanized epistemic principles Hume endorses
in his attempt to apply what he calls the experimental method
of reasoning to moral subjects. The inkspot argument is rein-
forced by four reductio proofs, and a dilemma about the ap-
plication of ideas of equality and quantity in geometry. These
do not make essential use of Hume’s positive doctrines, but
attempt to turn the assumptions of proponents of infinite divis-
ibility against themselves. They are primarily dialectical barbs
aimed at classical mathematically-minded metaphysicians, in-
tended to undercut infinitist objections to the theory of sensible
extensionless indivisibles. By eliminating infinitism as a viable
alternative, they contribute to Hume’s proof that there are ex-
tensionless indivisibles, which the inkspot argument shows to
be sensible.

7 Treatise, p. 39.



10 INTRODUGTION

The motivations for Hume’s reductio objections to infinite
divisibility are complex. The lack of an explicit plan for this
part of Hume’s analysis has led to confusion about his purposes,
which have remained obscure to many of his commentators.
Hume summarizes the object of his reductio arguments in the
anonymous ‘Abstract of a Book Lately Published. ..’, when he
explains: “Having denied the infinite divisibility of extension,
our author finds himself obliged to refute those mathematical
arguments, which have been adduced for it; and these indeed
are the only ones of any weight.”® Yet the reductio proofs have
been criticized more often than Hume’s inkspot experiment,
as though Hume meant the case against infinite divisibility
to rest primarily on these disproofs, rather than on his main
argument from the limits of perception as the origin of all
ideas. The reductio arguments have drawn fire especially in
connection with Hume’s apparent misunderstanding of the
theory of limits in mathematical analysis, and the 7Treatise note
about the difference between proportional and aliquot parts.® The
reductio arguments are in some sense external to but ultimately
an essential part of Hume’s theory of extension. They point
up inconsistencies in the traditional mathematical approach to
the metaphysics of space, and by their rejection of empyrean
rationalist assumptions that Hume for the most part does not
share, leave his empiricism standing alone as unchallenged
master of the field.

The Enquiry Concerming Human Understanding exhibits the same
two-part division of positive and negative arguments as the
Treatise. The later work by contrast includes only two proofs,
offered almost as asides to a discussion of skepticism in notes
to sections 124 and 125. The argument in Enquiry 124 is a
reductio ad absurdum that is different from but related to and
in some ways a hybrid of two arguments, one positive and
the other negative, found in the Treatise. The argument of 125
further implicitly supports Hume’s theory of spatial extension as

8 Ibid., ‘Abstract’, p. 658.
?1Ibid., p. 30, n. 1.
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composed of sensible extensionless indivisibles, and does duty in
the later work as a substitute for the 77eatise inkspot argument.
The two-fold task of refuting the infinite divisibility of extension
and upholding the alternative theory of sensible extensionless
indivisibles, and the strategy of achieving these aims both by
positive phenomenal argument and negative reductio proofs is
(unequally) reflected in both the T7eatise and first Enqguiry. The
positive arguments of both texts, unlike the reductio proofs, are
more complete, in the sense that they combine Hume’s two-
fold task of refuting the infinite divisibility of extension and
defending the theory of space as a composition of sensible
extensionless indivisibles.

All eight of Hume’s proofs in the 7Treatise and Enquiry
are crucial for understanding his metaphysics of space. But
they have seldom been discussed systematically, and never
previously in their entirety and interrelation. The arguments
against infinite divisibility collectively address one of the most
difficult test cases for Hume’s thesis of the experiential origin
of ideas, and the two sets of proofs from these writings
bear significantly on the question of whether Hume’s thought
underwent a major ideological or methodological shift in the
transition between the early and later periods.

Hume’s refutation of the infinite divisibility of space, and his
doctrine of the sensible extensionless indivisibles that constitute
extension, are perhaps the least loved, and until recently,
least examined aspects of his philosophy. Hume’s arguments
are so abstruse, and his conclusions so extraordinary, so far
removed from prevailing mathematical and scientific thinking,
that his critique of infinity has often been ignored or summarily
dismissed. The fact that Hume reduces his lengthy forty-two
page treatment of the problem in the Treatise to just two
pages of the first Enquiry, together with his disavowal of the
first work in the ‘Advertisement’ to the Enguiry, has further
encouraged the tendency to disregard his arguments.'® It is

19 Hume, Essaps and Treatises on Several Subjects, Vol. 11 [1777], facsimile
page for the ‘Advertisement’, reprinted in Enquiries Concerning Human
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tempting to think that Hume in the later work finally sees
insuperable defects in his previous views about the mathematics
and metaphysics of space, and, accordingly, abandons them
unceremoniously for more promising topics.

Among those who have seriously considered Hume’s theory
of extension, opinions of its merits are widely if not infinitely
divided. To give a sense of the disparity, Donald L.M. Bax-
ter, in “Hume on Infinite Divisibility”, maintains: “Far from
begging the question, Hume has available a respectable argu-
ment against the infinite divisibility of finite spatial intervals.”!!
C.D. Broad, on the contrary, in his Dawes Hicks Lecture
on Philosophy to the British Academy, “Hume’s Doctrine of
Space”, concludes: “I think, then, that Hume’s whole account
of spatial divisibility can be fairly safely dismissed as rubbish.”!2
And later: “... there seems to me to be nothing whatever in
Hume’s doctrine of Space except a great deal of ingenuity
wasted in recommending and defending palpable nonsense.”!3

Understanding and Concerming the Principles of Morals, p. 2. See Franklin,
“Achievements and Fallacies in Hume’s Account of Infinite Divisibility”,
p. 86: “But in omitting his treatment of space and time almost entirely from
the later Enguiry, Hume seems to admit tacitly that it was not a success with
its intended audience.”

! Baxter, “Hume on Infinite Divisibility”, p. 140.

12 Broad, “Hume’s Doctrine of Space”, p. 171. See Broiles, The Moral
Philosophy of David Hume, p. 3: “Think of all the sections which are seldom
discussed in Book I of the Treatise. Hardly anyone is familiar with Hume’s
work on space and time.” Flew begins his essay “Infinite Divisibility
in Hume’s Treatise”’, with these words, and then adds, p. 257: “And
furthermore, it might easily be argued that there is no very good reason
why anyone should struggle to gain such familiarity — except, of course,
simply in order better to understand Hume and to appreciate his weaknesses
as well as his strength.” On p. 269, he states: “One wishes Hume had thus
been led to challenge the questionable fundamentals on which depend both
the atomistic ontology which he only suggests and the bizarre first account
of geometry which he presents so proudly.”

13 Broad, “Hume’s Doctrine of Space”, p. 176. I do not share Broad’s
dissatisfaction with Hume’s theory, but I agree with his emphasis on the
importance of phenomenological evidence in Hume’s inkspot experiment,
as against commentators who focus exclusively on the reductiones ad absurdum.
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Although Hume’s critique of infinity and theory of sensible ex-
tensionless indivisibles is not universally condemned, the tide
of opinion has been overwhelmingly opposed to Hume’s the-
ory, even when the objections brought against it are based on
misinterpretations.

Whether or not Hume’s arguments against infinity are
sound, they are crucial to understanding his philosophical sys-
tem. Hume is the architect of a penetrating, historically impor-
tant, and still vital approach to empiricism. But the problems
raised by an epistemology limited to what can be received by
or constituted out of sense experience go beyond the princi-
ples of Hume’s particular brand of empiricism in rejecting the
concept of infinity. The significance of Hume’s opposition to in-
finity includes enduring problems in the metaphysics of space,
time, and extension, and the philosophy of mathematics and
scientific method. When a complete picture of his theory is
given, Hume’s critique of infinity is more interesting than his
detractors and even the later Hume acknowledge.

Historical-Philosophical Context

The historical background for Hume’s arguments against in-
finity begins with the ancient Greeks. The concept of infinity
and infinite divisibility of extension predates Euclidean geom-
etry. Infinity makes its first recorded philosophical appearance
in the paradoxes of Zeno of Elea in defense of Parmenides’
presocratic doctrine of the One. Zeno’s disproofs of real mo-
tion and extension in the world of sensory experience depend
essentially on the infinite divisibility of space and time.'*

It is common to define infinity in this tradition as limitless-
ness, boundlessness, or endlessness. By this conception, there is
always continuation beyond any chosen point in an infinite set,
series, or expanse. Infinite divisibility obtains just in case there
always exists another point between any two chosen points.

14 Kline, Mathematical Thought from Ancient to Modern Times. Kretzman, ed.,
Infinity and Continuity in Ancient and Medieval Thought. Sorabji, Time, Creation, and
the Continuum: Theories in Antiquity and the Early Middle Ages.
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These accounts are intended both as definitions and aids to
assist an overtaxed mathematical imagination. It is in this sense
that Lucretius in De Rerum Natura repeats an Epicurean argu-
ment in favor of the infinity of space. He considers a thought
experiment in which we suppose that the universe has an in-
visible limit, an end or boundary of space, against which a
javelin is thrown. The javelin either penetrates or is blocked by
the limit. If the javelin pierces through, then, contrary to the
hypothesis, it cannot have encountered the real spatial limit of
the universe, no matter where the limit is set. If the javelin
is blocked, then it must be stopped by something beyond the
invisible limit in space. In either case, there is something more,
something beyond any postulated spatial limit to the universe.
If the boundary is thought to retreat from the spear, then re-
peating the operation again and again for any proposed limit
will show that there is no true limit, but always another space
beyond.!®

Do these definitions and thought experiments offer a reason-
able way of thinking about infinity? Or do they at most capture
the concept of indefinite, indeterminate, or inexhaustible but fi-
nite quantity and partition? The difficulty threatens when we
do not just nod our heads in agreement with some of these
venerable formulas as fully expressing the idea of the infinite,
but stop and ask whether ‘always’ implies infinite time or some-
thing less. If time itself is infinite, then, true enough, there will
always be another number, another corridor of space to re-
ceive Lucretius’ javelin, another real number between any two
real numbers on the number line, another point between two
points on a geometrical line or expanse of space. If time is not
infinite, however, then the claim that there is always something
more or always something between, will not take us from the
finite experience of these relations to full-blooded infinity.

The trouble is that these definitions give us no independent
way to understand the concept of infinite time except by saying
that there is always another moment of time, or that moments

15 Lucretius, De Rerum Natura, Book 1, lines 969-983.
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of time can be mapped onto an infinite numerical series. If we
do not stipulate or presuppose that time is infinite, always is
not long enough to model the infinity or infinite divisibility
of other sets, series, and relations. If we are struggling to
understand the concept of infinity, it is unenlightening to be
told that there is always more space, always another number
or element of a sequence, always another number, point, or
place between any two numbers, points, or places, if ‘always’
quantifies over what is supposed to be an infinite extent of
time. If ‘always’ just means for every moment of time, whether
finite or infinite in extent, then the concept is evidently too
weak to define an infinite set, series, or relation. Finally, if
‘always’ is meant metaphorically for a more ethereal properly
mathematical notion, then we should be able to do without
time altogether in the definition of infinity, and cash in the
temporal analogy for something more definite.

But what? A satisfactory explanation has yet to be proposed.
Timeless definitions of infinity and infinite divisibility are
obviously possible. But they are also uninformative. Consider
this atemporal formulation of the concept of infinite divisibility:

For any line segment (LS) x, x is wmfinitely divisible (ID) =4 for
any two points on x, P and P;, there exists on x a distinct
point, P!, between (B) P} and P;: (Vx)(LS(x) D (ID(x) =
(YP)(YP)@EPHB(PS, P, P))) (1 # i, 15 1)

The definition tries to make universal generalization over a
dense linear array of distinct points do the work of the temporal
infinity or ‘always’ of traditional definitions. If a midpoint lies
between any two arbitrary points, then between that midpoint
and one of the original points there is yet another midpoint,
and so on. And so on. .. to infinity?

That depends on whether or not in the first place we are
quantifying over a domain of infinitely many points. If we are,
well and good. But then we are presupposing infinity rather
than defining it out of whole cloth. We are no better off
than if we were to say that there is always a point between
two points, meaning over infinite time or in the infinite mind
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of God. The dilemma is that a definition of infinity seems
either to be viciously circular by virtue (or rather, by vice)
of presupposing or explicitly stipulating a domain of infinitely
many points, or else inevitably lacks adequate means to express
an idea of infinite divisibility. At some finite stage of subdivision
we will run out of distinct points, just as we eventually run
out of time in the successive subdivision of a line or expanse
of space, unless we assume infinite or infinitely divisible time.
The definition works to explain infinite divisibility only if we
need no explanation but already understand the concept, and
only if we are prepared to quantify over a domain of infinitely
many points. As a way of conveying the idea of infinity in the
guise of divisibility into infinitely many points, the atemporal
definition is no improvement over the blatant circularity of
temporal ‘always’ definitions that quantify over infinitely many
moments. !

This is the problem of understanding the infinite, of whether
there really is a concept of infinity. By itself, the above dilemma
should already be enough to cast serious doubt on the
philosophical respectability of the idea of infinity. For it seems
to be a higher order rather than foundational concept for
which we can only make provision in a conceptual scheme
by assuming it as primitive. Some thinkers are untroubled by
this issue, and are willing to develop and make use of elaborate
mathematical symbolisms and philosophical theories about the
infinite, while claiming to have an adequate intuitive grasp of
infinity or maintaining that theory makes no such requirement.
Their views have mostly been in the ascendency, and they

16 The same criticism applies to other atemporal definitions of infinite
divisibility. See Moore, The Infinite, p. 42: ... let us exploit the infinitude of
the natural numbers. Then “This body is infinitely divisible’ can be glossed
as either: (1) For every natural number n, there is a possible situation s,
such that this body is divisible into more than » parts in s [;] or (2) There
is a possible situation s, such that for every natural number 7, this body is
divided into more than 7 parts in s.” Here reliance on a prior understanding
of the concept of infinity and availability of an infinite set or series to set in
correspondence with the subdivisions of an extension is explicit.
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throw up their hands in frustration or smile in condescension
at the mathematical incompetence of skeptics who balk at the
idea of infinity and regard infinitists as merely playing with
empty words and meaningless mathematical symbols. Perhaps
there is a kind of color blindness for the concept of infinity.
There seems to be nothing those who claim to understand
infinity can do to help share their insight with those who do
not, and nothing those who claim not to understand infinity
can say to shake the convinction of those who do.

It is in this spirit that John Locke maintains, in An Essay
Concerming Human Understanding, Chapter XVII ‘Of Infinity’:

But yet if after all this, there be men who persuade themselves
that they have clear positive comprehensive ideas of infinity,
it is fit they enjoy their privilege: and I should be very glad
(with some others that I know, who acknowledge they have
none such) to be better informed by their communication. For
I have been hitherto apt to think that the great and inextricable
difficulties which perpetually involve all discourses concerning
infinity, — whether of space, duration, or divisibility, have
been the certain marks of a defect in our ideas of infinity, and
the disproportion the nature thereof has to the comprehension
of our narrow capacities. For, whilst men talk and dispute
of infinite space or duration ... it is no wonder if the
incomprehensible nature of the thing they discourse of, or
reason about, leads them into perplexities and contradictions,
and their minds be overlaid by an object too large and mighty
to be surveyed and managed by them.!”

The conflict appears earlier in classical times, in disagreements
about the interpretation of Zeno’s paradoxes. As a sample
of these puzzles, consider the paradox of Achilles and the
Tortoise. The infinite divisibility of extension implies that no
runner regardless of effort can catch up to or pass another
who continues to move at any speed whatever after beginning
with however slight a head start. The second runner faces
an infinite succession of midpoints to be transversed along a

17 Locke, Essay, pp. 222-223. Locke’s thesis that there is no positive, but
at most a negative idea of infinity is discussed in Part One, Chapter 2.
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continuum between his starting place and the continuously
advancing position of the first runner. When any midpoint
is gained, infinitely more remain to be passed by the second
runner before the first runner can be reached. The conclusion
of the paradox, blatantly at odds with everyday experience,
might be thought flatly to discredit the concept of infinite
divisibility. But in Zeno’s application, accepting the infinite
divisibility of extension supports the Parmenidean distinction
between the way of seeming and the way of being, by which
phenomenal motion and spatial extension are judged unreal,
and the empirical evidence of the senses is scorned as illusory.'®

Aristotle discusses Zeno’s paradoxes in the Physics. He
mediates there as in other problems between an idealist-
formalist desire to preserve a realm of potential infinities
grasped by the intellect, while maintaining the nonoccurrence
of actual infinite divisibility.'? Aristotle is more of an empiricist
than Zeno or Parmenides, or, for that matter, Plato. But his
distinction between potential and actual infinity as a solution
to Zeno’s paradox does not question the intelligibility of the
concept of potential infinity, only the application of the concept
of actual infinity to the world of experience. If infinity is not
found in nature, the concept itself is unchallenged by Aristotle.
The unreality of infinite divisibility is enough to avoid Zeno’s
paradoxes, at least insofar as they pertain to motion, time,
and extension in applied mathematics. Aristotle’s discussion of
the idea of potential infinity shares the material inadequacy or
circularity of the Greek conception by which infinity numbers

18 Salmon, ed., Zeno’s Paradoxes. Grinbaum, Modern Science and Zeno’s
Paradoxes. Ferber, Zenons Paradoxien der Bewegung und die Struktur von und Zeit.
Hasse, Scholz, and Zeuthen, Zeno and the Discovery of Incommensurables in Greek
Mathematics. Sweeney, Infinity in the Presocratics: A Bibliographical and Philosophical
Study. Owen, “Zeno and the Mathematicians”. Jacquette, “A Dialogue on
Zeno’s Paradox of Achilles and the Tortoise”.

19 Aristotle, Physics 233*23-26328. See Russell, “The Problem of Infinity
Considered Historically”, Our Knowledge of the External World, Lecture 6,
pp- 182-198.
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the steps or stages of an endlessly successive operation. Thus,
Aristotle declares in Physics 206%27-29 and 20726-8:

For generally the infinite has this mode of existence: one thing
is always being taken after another, and each thing that is taken
is always finite, but always different.

Thus, something is infinite if, taking it quantity by quantity, we
can always take something outside.?

We are thereby introduced to the idea of the potentially
infinite, but only if always presupposes the potentially infinite
duration or succession of events in time. We are given no
further help in understanding this idea, however, nor reason
for thinking infinity so defined might exist even potentially.
Aristotle’s distinction between actual and potential infinity
as a solution to Zeno’s paradoxes held sway through the
medieval and modern periods until recent times. While most
mathematicians continued to speak without qualification of
infinity and infinite divisibility, it was generally assumed that
philosophical difficulties like Zeno’s paradoxes could be avoided
where necessary by invoking Aristotle’s concept of potential
infinity and denying the actual infinity or infinite divisibility of
space and time.?!

In the rise of rationalism that marked the intellectual cli-
mate of the seventeenth and early eighteenth centuries, infin-
ity and infinite divisibility became the common currency of
the idealized mechanics of physical phenomena in the mathe-
matics and natural philosophy of Descartes, Newton, Leibniz,
and their many followers.?? Infinity was exemplified most no-
tably in Leibniz’s calculus of infinitesimals and Newton’s the-

20 The Complete Works of Aristotle (Revised Oxford Edition), Barnes, ed.,
Vol. I (emphases added). Aristotle’s word is ‘@et’, which can mean ‘forever’
as well as ‘always’. I am indebted to Henry W. Johnstone, Jr. for
etymological advice.

21 An excellent critical examination of these topics is given by Benardete,
Infinity: An Essay in Metaphysics, pp. 1-71. See also Moore, The Infinite, esp.
pp- 17-44.

22 Moore, The Infinite, pp. 57-95.
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ory of fluxions. The calculus extended the formal techniques
of Descartes’s procedure for finding the tangents and ‘normals’
(line segments perpendicular at the tangent point) to a curve,
and John Wallis’s method of exhaustion by quadratures, in
which the area bounded by a curve is determined by approxi-
mation to any desired degree of accuracy by fitting beneath the
curve a succession of appropriately sized rectangles, the sum of
whose respective areas is easy to calculate.?3 The theory of in-
finitesimals and fluxions presupposes but goes yet another step
beyond Euclidean infinite divisibility. Leibniz’s integral calcu-
lus was an improvement over Wallis’s theory, in which sums
of infinitesimals measure the bases of infinitely small isosceles
triangles in analyzing the composition of the area enclosed by
any curve. Newton’s theory of fluxions accomplishes the same
for a kinematic geometry, where fluxions are ‘first ratios of
nascent arguments’ involving the coordinates of a point (fluent)
in continuous motion dynamically tracing a curve in space over
infinitely small moments of time.2*

The infinite divisibility of space is presupposed by the the-
ory of infinitesimals and fluxions. The Euclidean mathematical
points into which continuous extension was thought to be infi-
nitely divisible were seldom confused with infinitesimals.?> The
Newtonian John Keill, in his 1702 Introductio ad verum physicam,
articulates the concept of infinite divisibility of extension into
extended parts rather than points.?® This was yet another more
cogent form of infinite divisibility against which Hume reacted,

23 Wallis, A Treatise of Algebra Both Historical and Practical.

24 Newton, The Method of Fluxions and Infinite Series. Newton’s method is
extensively used in Sir Isaac Newton’s Mathematical Principles of Natural Philosophy
and his System of the World. See Cajori, A Hustory of the Conceptions of Limits and
Fluxions in Great Britain _from Newton to Woodhouse.

2 An exception is Hayes, 4 Treatise of Fluxions, p. 1.

% For background, see, inter alia, Boyer, The History of the Calculus and
its Conceptual Development, Baron, The Ongins of the Infinitesimal Calculus; Hall,
Philosophers at War: The Quarrel Between Newton and Leibniz. McGuire, “Space,
Geometrical Objects and Infinity: Newton and Descartes on Extension”, in
Shea, ed., Nature Mathematicized, pp. 69-112.
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occurring in a source with which Hume might have been fa-
miliar from his student days at the University of Edinburgh,
especially after its translation into English in 1720 as An Intro-
duction to Natural Philosophy. Keill writes:

. every magnitude is not compounded of points, but parts,
that is, other magnitudes of the same kind, whereof every one
is constituted of other parts, and each of these is still made up
of others, and so on in infinitum.?’

Hume’s critique of the concept of infinity can be understood
in part as an empiricist reaction to well-entrenched rationalist
commitments to infinity in all three categories. Infinite number,
infinite quantity or distance in space or time, infinite geomet-
rical magnitude, infinite divisibility of extension, and infinitesi-
mals or fluxions, in Hume’s view, all partake of the same fatal
philosophical error.

Infinitist theories for Hume contain mere words and symbols
that may function with apparent theoretical and pragmatic
success, but that fail to represent genuine ideas grounded
in experience. Infinity is a mathematical idealization that
extrapolates beyond human perception and imagination; it is
not comprehended by finite thought, but is supposed to be
more abstractly understood by an act of transcendent reason.
Infinity and infinite divisibility thus provide a sharp focus
for dispute about the metaphysics, epistemology and scientific
methodology of Descartes, Leibniz, and Newton versus Locke,
Berkeley, and Hume.

Hume’s disavowal of infinity goes beyond Aristotle’s distinc-
tion between actual and potential infinity. Hume’s theory of
knowledge, in which ideas derive only from immediate impres-
sions of finitely experienced sensation or reflection, precludes
even the possibility of an adequate idea of infinity or infinite
divisibility, actual or potential. The impact of Hume’s rejection
of infinite divisibility on his philosophy as a whole is important
and far-reaching. It has obvious and immediate implications for

2 Keill, Introduction to Natural Philosophy, or Philosophical Lectures, Lecture 3,
p. 21.
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his philosophy of mathematics and metaphysics of space and
time, but also for his aesthetic psychology of distance, great-
ness, and the sublime, and even for his religious skepticism. An
infinitely knowing, infinitely powerful, and infinitely benevolent
divine creator of the universe is as unintelligible for Hume as in-
finite number, an infinite expanse of space or time, or infinitely
divisible extension. The critique of infinity in mathematics and
metaphysics supports Hume’s doubts about conventional reli-
gious belief, exemplified by Newton’s striking image of infinite
space as God’s visual field.?

Bayle’s Trilemma for the Divisiblity of Extension

To understand the context of philosophical controversy to
which Hume’s theory belongs, we now look to two of its most
important historical precedents in the writings of Pierre Bayle
and George Berkeley.

Bayle discusses infinite divisibility in the article on ‘Zeno of
Elea’ in his Dictionary Historical and Critical.”® Bayle’s treatment

28 Newton, Opticks, Book III, Query 28, p. 370: “Does it not appear
from phenomena that there is a Being incorporeal, living, intelligent,
omnipresent, who in infinite Space, as it were in his Sensory, sees the things
themselves intimately, and thoroughly perceives them and comprehends
them wholly by their immediate presence to himself. . .” See Hurlbutt, Hume,
Newton, and the Design Argument, p. 10: “Infinite space is, ‘as it were’ God’s
visual field, and the things in this space are known by him in their complete
inner nature and complexity.”

2 Kemp Smith, Philosophy of David Hume, pp. 284-290, 325-338. See Flew,
“Infinite Divisibility in Hume’s Treatise”, pp. 257-269. Fogelin, “Hume and
Berkeley on the Proofs of Infinite Divisibility”, pp. 47-69. Bayle’s trilemma is
not entirely original, but recapitulates a medieval argument. See Thijssen,
“David Hume and John Keill and the Structure of Continua”, pp. 271-
286. But Thijssen writes, p. 285: “Although Hume may have used Bayle
as a source his discussion of the three possible views regarding continuity
(i.e., divisibility in infinitum, composition out of mathematical points, and
composition out of physical points) reflects a much older scholastic heritage.
The same is true for almost all of the arguments that Hume (and Bayle)
employ in their discussion of continuity.” In his letter to Ramsay, Hume also
recommends Bayle’s entries on ‘Zeno’ and ‘Spinoza’ as background reading
for understanding the Treatise. Thijssen, p. 285, refers to Maier, Die Vorldufer
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includes objections to infinite divisibility that reappear among
Hume’s reductio disproofs. More importantly, Bayle rehearses a
medieval problem about the conceivability and divisibility of
extension which Hume attempts to solve by elaborating his
theory of sensible extensionless indivisibles. 3’

Bayle poses a trilemma intended to expose the pretensions
of reason, as a counterpoise to Descartes’s efforts to establish
indubitable foundations for knowledge.?! The trilemma is that
there are just three concepts of the divisibility of extension, each
of which is impossible because of internal inconsistencies. Ex-
tension as essentially divisible paradoxically therefore does not
exist, and human reason is accordingly chastened, ultimately
in the service of ecclesiastical purposes. The problem or el-
ements of the problem can be traced back through Antoine
Arnauld’s Port Royal Logic, a slate of medieval thinkers, and
Book VI of Aristotle’s Physics.>> The three concepts considered
in Bayle’s trilemma are that extension is: (i) infinitely divisible;
(ii) a finitely divisible fabric of extended physical points; or (iii)
a finitely divisible system of extensionless ideal mathematical
points.

The argument against the infinite divisibility of extension
rests on several criticisms, including a proof later adopted by
Hume as a reductio from the addition of infinite parts. The
objection is that if a tiny object like a barley corn or the
space it occupies is infinitely divisible, then it must contain

Galileis im 14. Jahrhundert, pp. 159-161, as documenting the medieval origins
of the trilemma in the continuum debate. Hume indicates his awareness of
the trilemma’s ancestry, when he writes in considering the argument in the<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>